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SCALAR CURVATURES ON 2

WENXIONG CHEN AND WEIYUE DING

ABSTRACT. A theorem for the existence of solutions of the nonlinear elliptic
equation —Au + 2 = R(z)e*, z € S?, is proved by using a “mass center”
analysis technique and by applying a continuous “flow” in H'(S?) controlled
by VR.

0. Introduction. Given a function R(z) on the two dimensional unit sphere
S2, one wishes to know when it can actually be the scalar curvature of some metric
g that is pointwise conformal to the standard metric go on S2. This is an interesting
problem in geometry (cf. [1]). In order to find an answer, people usually consider
the differential equation
(¥) Au—2+ R(z)e* =0, z €S2
It is well known that if u is a solution of (), then R(z) turns out to be the scalar
curvature corresponding to the metric ¢ = e"gg, which, obviously is pointwise
conformal to go.

There are some necessary conditions for the solvability of (*) pointed out by
Kazdan and Warner (cf. [2]), which show that not all smooth functions R(z) can
be achieved as such a scalar curvature. Then for which R can one solve (x)? This
has been an open problem for many years (cf. [3]).

Moser [4] proved that if R(z) = R(—z), for any z € S%, and R is positive some-
where, then (*) has a solution. Recently, Hong [5] considered the case where R is
rotationally symmetric and established some existence theorems. In our previous
paper [6], we generalized the results of Moser and Hong to the case where R pos-
sesses some kinds of generic symmetries, that is, R is invariant under the action of
some subgroups of the orthogonal transformation group in R3. Then it is natural
for one to ask, “What happens when R is not symmetric?” So far we know, there
have not yet been any existence results in this situation. This is the motivation for
this present paper.

In this paper, without any symmetry assumption on R, we find some sufficient
conditions so that (*) can be solved, which is independent of the results in [6]. To
find a solution of (), we consider the functional

J(u)=£/ |Vu]2dA+2/ udA—8rln [ Re“dA
2 Js2 S2 S2
defined on
H*={u€H1(S2): Re“dA>0}
S2
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366 WENXIONG CHEN AND WEIYUE DING

and seek critical points of J. It is easily seen that a critical point of J in H. plus
a suitable constant makes a solution of (x). Since J is bounded from below on
H,, a natural idea is to seek a minimum of J. Unfortunately, it was shown (cf.
[5]) that infg, J can never be attained unless R is a constant. So one is led to
find saddle points of J. Under some appropriate assumptions on R, using a family
of transformations on H!(S?) and a continuous “flow” in H,, by a careful “mass
center” analysis, we prove the existence of a saddle point of J in H, and establish
the following

THEOREM. Assume
(Ro) R € C*(8?).
(Ry) There exist two points, say a and b, on S?, such that

R(a)=R(b)=m= I%%XR >0,

and
sup min R(z)=v <m,
hel z€A([0,1])
where T = {h: h € C([0,1],52), h(0) = a, h(1) = b}.
(R2) There is hg € T' such that ming,((o,1)) R = v, and for any

z € K ={z € ho([0,1]): R(z) = v}, AR(z) > 0.

(R3) There is no critical value of R in the interval (v,m).
Then problem (*) possesses at least one solution.

OUTLINE OF THE PROOF. Due to its complexity, we divide our proof into five
sections.

In §1, we find two families of separated points, say {©x .} and {pxp} with
A € [0,1), satisfying

J(#ra) J(pap) —infJ, as A — 1L

And under the condition (R;) prove that as A gets sufficiently close to 1, there
exists a “mountain pass” between the two points ¢y o and pyp, i.e.

1 = inf J(u) > J ,J .
(0.1) pr= inf  max J(u) >max{J(pxa),J(Pre)}
where Ly = {l: | € C([0,1], H.), {(0) = ©r4,l(1) = ©rp}. Now, by Ekeland’s
variational principle (see [7]) there is a sequence {u} in H, such that J(ux) — ua,
J'(ux) — 0, as k — oo. If {ux} possesses a strongly convergent subsequence, then
we have solved our problem.

When does the sequence {ux} converge strongly? In order to investigate this,
we verify, in §2 a modified (P.S.) condition for the functional J, that is

PROPOSITION 2.1. Assume {vc} C H., J(vk) < B < 400, J'(vk) — 0, as
k — oo, and |P(vk)] < 11—~ < 1. Let o = vg — (1/47) [g. vk dA. Then {ix}
possesses a strongly convergent subsequence in H., whose limit vy verifies J'(vo) =0
where P(u) stands for the mass center of the function e*(® defined on S2.

Due to Proposition 2.1, the key point to the solution of problem (*) lies in
controlling the behavior of the sequence {P(ux)}. To do this, we divide, according
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to the value of R, the sphere S? into several areas, and try to find such a sequence
{ux} that {P(ug)} can reach none of the areas on the sphere.

Thus, we introduce in §3 a family of transformations on H!(S2%) which leaves
the functionals

F(u)=%/ |Vu|2dA+2/ udA and G(u):/ e dA
S S2 S2

invariant. With the help of this family of transformations, we obtain in §4 the
following propositions providing some useful information when P(uy) — S2.

PROPOSITION 4.2. Suppose {vg} C Hy, {J(vk)} s bounded; J'(vi) — 0, and
P(v) — ¢ € S%, as k — 0o0. Then there exists a subsequence {vk,} of {vk}, and o,
Gi, with a; — 1, ¢ — ¢ as i — oo such that [, |V (vk, — Qo e)> — 0 as i — oo,
where oy ¢(z) = In[(1 — A%)/(1 — Acos r(z,¢))?], with r(z,¢) the geodesic distance
between the two points x and ¢ on S2.

PROPOSITION 4.3. Let {vx} C H., J(vg) bounded, and J'(vg) — 0, P(vg) —
¢ € S? with R(¢) > 0. Then there is a subsequence {vi,} of {vk} such that J(vg,) —
8rlndwR(¢).-

PROPOSITION 4.4. Assume {ux}, {vk} in H. satisfying

(1) {J(uk)}, {J(vk)} are bounded, and J'(vg) — 0, as k — oo.
(2) [52|V(uk — vk)|*dA — 0, as k — oo.

(8) P(ug) = n € S?%, P(vr) — ¢ € 2%, as k — oo.

Then n =¢.

Condition (R3) enables us to establish the estimate
uxr < —8rlndmy
for A sufficiently close to 1. Then for such A we prove

PROPOSITION 4.6. There exist g, 6o > 0, such that for any {vg} in H., of
J(vk) S pr+bo (k=1,2,...) and P(vg) — ¢ € S?, as k — oo then R(¢) > v+ag.

Finally, in §5, we utilize VR to construct a continuous “flow” in H,. Based on
the results in the proceding sections, mainly in §4, and applying the “fow”, we are
able to pick a sequence {uy} in H,, such that as k — oo, J(ux) — ux, (for some Ag
sufficiently close to 1), J'(ux) — 0, and {P(uk)} is bounded away from the sphere
S2. Therefore we arrive at the conclusion that K, is a critical value of J, and
complete the proof of our Theorem.

REMARK 0.1. In the Theorem, if v < 0, then assumption (Rz) can be omitted.

REMARK 0.2. Condition (R;) may be generalized as

(R;) Let m = maxg2 R, M = R~!(m); M is not contractible in itself, but is
contractible on S2. Let

= {U: U he(m)

te(0,1]

+(+) is a deformation of M on S?;

h
ho(M) = M and h,(M) is a point on S2

and suppose that v = supy . minzcy R(z) < m. Then by a similar argument as in
the proof of our Theorem, one can show that condition (Ry), (R;), (Rz) and (R3)
are sufficient for problem (%) to have a solution.

We assume (Ry)-(R3) throughout the paper.
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1. Mountain pass. Consider the functional J defined on H,. For z, ¢ € S?,
A € [0,1), define
1- )2
1— Acosr(z,¢))?
where r(z,¢) is the geodesic distance between two points z and ¢ on S2. A direct
computation shows that, as A — 1,

Orel(z) = ln(

J(prqe) = —8mln [ Re¥** dA — —8rlndwR(a) = —8rnlndnm.
S2

Similarly,
(1.1) J(orp) — —8nlndrm.
On the other hand, the inequality (cf. [5])

1 1
. u < 2 1/Q2
(1.2) /326 dA < 4mexp <—167r/32|vu| dA+_47r/32UdA> Yu € H*(S%),

leads to
J(u) > —8rlndrm Vu € H..

Therefore,
(1.3) i}rIIfJ = —8rlndrm.

(1.1) and (1.3) inform us that there are two separated points, say ¢y . and ©x s,
in H, at which the values of J are as close to inf g, J as we wish. This phenomenon
would naturally lead one to expect that there might be a “mountain pass” between
the two separated points. In order to show this, we need the concept of mass center
introduced in [6]. Now let us first recall it.

For u € H'(S?), regard S? as a rigid body with density e*(®) at point z € S?,
denote the mass center of this rigid body by P(u). Then in an orthogonal coordinate
system z = (z;,z2,23) in R3,

Ply) = Jo2 16*dA  [5; zoe* dA  [g, 236 dA
(w) = ( [ € dA " [ e"dA ’ [g, e dA ) ‘
This concept and its analysis played an important role in [6] and will be a powerful

tool in the following investigation.
Define Q(u) = P(u)/|P(u)|, and d(u) = |Q(u) — P(u)], u € H'(S?).

LEMMA 1.1. There exists constant Cy = C(|R|c1(s2)), such that

(R(z) - R(Q(u))}e* dA’ < Co ¥/d0) / ¢4 dA.
S2 S2

PROOF. For simplicity, write @ = Q(u) = (Q1,Q2,Q3), and S, = S, (Q) = {z €
S?: r(z,Q) < r}. Choose r = ¥/d(u). Since

«/SZ\S, (1 - ;%Qz) e* dA //32 e*dA <1—|P(u)| = d(u)

1-> " 2Q: >r%/4 Vze S\,

(1.4)

and
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we have
/32\3 eudA//SZCudAS%a/m,
Therefore, ’
‘/ {R(z) - R(Q)}e" dA’ ‘/ {R(z (Q)}e“dAl+ [sz\s,{R(z)_R(Q)}eu‘

< {n}galeVRl T+ SIIé%XlRl {Vd(u)}/ e*dA < Cov/d(u) [ e“dA.
S? sz -
LEMMA 1.2. Letu€e H,, J(u) < B, |P(u)| <1 —-~<1. Then
[ [vuaa < c(,q)
S2

PROOF. Analogous to the proof of Proposition 1.2 in [6].
Define

Ly = {l: le C [0 1] H* l 0) = QO)‘,a,l(l) = QO)‘,b},

= inf .
o= sy T

For A sufficiently close to 1, Ly is nonempty. In fact, since R(a) = R(b) > 0, one
has [g, Re®>= dA, [s, Re®>* dA > 0 for X close to 1. Take
vl =1In[(1 — t)eP e + te ], t € o,1];
then [g, Re*x dA > 0; hence [, = {ul:t€[0,1]} € Ly.
PROPOSITION 1.3 (MOUNTAIN PASS). For X sufficiently close to 1,

(1.5) px > max{J(pxa) I (Prp)}-
PROOF. We argue indirectly. Suppose there exists {Ax}, Ay — 1, such that

Ky < ma‘x{J(‘p)\k,a))J(p)\k,b)}a k= 1,2,....
Then by (1.1), one can find {ex}, ex — 0, and py, < —8rnlndmm + &,. By the
definition of py, there is [ € L, such that

(1.8) max J < —8wlndrm + €.
lk([o,ll)

Let do > 0 be sufficiently small, so that if d(u) < do, then
(1.7) CoVd(u) < 3(m —v).

By (R1), this is possible.

Case (1). There exists ko such that if £ > ko, then for any u on I, d(u) < dp.
Then by (1.6) and (R;), one can pick some k > kg so that

(1.8) max J < —8xln2m(m + v).
Le([0,1])

Fix such k and set h(t) = Q(lk(t)), t € [0,1]. It is obvious that h([0,1]) is a
continuous curve on S? joining a and b. Let to € (0, 1) satisfy

R(h(to)) = min R



370 WENXIONG CHEN AND WEIYUE DING

Then

(1.9) R(h(to)) < v.

Write v = lk(t0), @ = Q(v) = h(tp). Then by (1.4) and (1.7)-(1.9),
—8rIn27r(m +v) > J(v)

1
2 / |Vo|2dA + 2/ vdA — 87rln/ e’ dA — 8rIn(R(Q) + Co v/ d(v))
S'Z

> —87lndr — 87Ing (v + m) = —8xIn2r(m + v),

a contradiction.

Case (2). There exists a subsequence of {l;} (still denoted by {ix}) such that
for any k, one can pick out a ux € li satisfying d(ux) > dp. Then by Lemma 1.2,
we infer that [, 52 |Vuk|? dA are bounded, which implies that the sequence {&; =
ug — (1/47) f42 ux dA} is bounded in H!(S?) and hence possesses a subsequence
coverging weakly to an element, say ug, in H!(S?). Since ux € H., it is easy to
verify that 4, and the weak limit ug are in H,; consequently, J(ug) = infy, J. This
is impossible because by (R;) R is not constant, so infg, J can never be attained.

The above argument shows that our hypothesis at the beginning of the proof is
false, so (1.5) must hold for A sufficiently close to 1.

2. A modified (P.S.) condition.

PROPOSITION 2.1. Assume {ux} C H., J(ug) < B < +oo, J'(ug) — 0, as
k — oo, and also assume |P(ug)] < 1—~ < 1. Let G = ug — (1/47) [q2 ux dA.
Then {ux} possesses a strongly convergent subsequence in H'(S?) whose limit ug
verifies J'(ug) = 0.

PROOF. In the proof of Proposition 1.3, we have already seen that {ux} C H.
and there is a subsequence of {i;} (still denoted by {u,}) converging weakly to ug
in H,.

Since for any constant C, J(u + C) = J(u), one concludes, from the definition
of J’, that

(2.1) J'(ug) = J'(ug) = 0, as k— oo.
Hence 8
Is ~
—Aly — —————Re"* =2 1).
Uk Ton Ro® dARe +o(1)
Consequently,
(2.2)

- Re® Re® .
/32 |V (i; — ;) = 811-/82 {f32 Re T ke } (@; —uj)dA+o(1)
Re: Re®

2 1/2 1/2
< — — — A & — ;)% dA 1).
<8 </;2 fsz Rev: f52 Re% d ) (~/S2(uz u]) 4 ) o)

The boundedness of {ix} (in H!(S?)) and of J (i) leads to

Re®™ dA > a >0, k=1,2,...,
S2
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which, together with (1.2), implies that, for any ¢,5 = 1,2,..., the integrals

/ { Ref‘"ﬁ_ Reﬁi.}?dA
s2 | [g2 Re%  [g, Re®s

are bounded. By the compact embedding H'(S?) — L2?(S?), we have

/ (i; — @;)2dA — 0, asi,j — oo.
S2
Now, it follows from (2.2) that
|V (% — 4;)|*dA — 0, asi,j— oo.
S2

Consequently,
i — ug in H'(S?).
Therefore, by (2.1), J'(up) = 0. This completes the proof.

Let Ag be so close to 1 that (1.5) is valid. Then by Ekeland’s variational principle
(cf. [7], the proof for Mountain Pass Lemma), there is a sequence {ux} C H.
satisfying J (ux) — pa, and J'(ug) — 0 as k — o0o. Set @ = ug — (1/47) [, uk dA;
then from Proposition 2.1, we know that whether { } converges strongly in H!(S2)
depends on the behavior of the mass center P(ux). Does { P(u)} remain bounded
away from the sphere S?? This has now become a key point to the solution of
(*). In order to analyze this, we introduce in the following section a family of
transformations on H!(S?%) which possesses some important properties and is very
useful in our later investigations.

3. A family of transformations on H!(S2%). Let u € H'(S?), ¢ € S2. Select
a spherical polar coordinate system z = (,9), 0 < 6 < 7, 0 < p < 27, so that
¢ = (0, ). Define a family of transformations A, ¢ by

Axcu(f,0) =uohy o (0,0) +1ac(0)
where 0 < A < 1, hy (6, p) = (2tan~!(Atan(6/2)), o) is a conformal transforma-
tion on S2, and
/\2
(cos2(6/2) + AZsin®(0/2))2"
The following propositions describe some important properties of Aj ..
PROPOSITION 3.1. Define

I(u) = _1./ |Vu|2dA+2/ udA—87rln/ e
2 S2 S2 S2
for u€ H'(S?). Then

Yae(0) =1In

(3.1) I(Aycu)=1I(u), A€ (0,1], ¢ €S
and consequently, if u 13 a solution of the equation
(%%) —Au+2=2e"
then Ay cu 1s also a solution.
PROOF. (1)

2
/ Arst g4 = / " / " gu(2tan! (3 6an(0/2))0) ¥ (9) i 4 di.
S2 0 0
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Let 6’ = 2tan~!(Atan(0/2)), ¢’ = . Then e¥*s(%) sin 0 df = sin 6’ d6’. Hence

2 T
(3.2) / eAr st dA = / / e ) sin @' do' dp' = / e dA.
S2 0 0 S2
(2)
(3.3)
/ |V(A,\,§u)|2dA=/ |V(uoh,\yg)|2dA—2/ uoh,\,gAdJ,\,g+/ |V |?
S2 S2 S2 S2

=/ |Vul2dA+4/ wo hy (Vs —1)dA+/ AWK
S2 S2 S?

=/ |Vu|2dA+4/ udA—4/ uohA,gdA+/ IVhacl?.
S? S? S? s2

Here we have employed the fact that 9, ( satisfies (cf. [5])
(3.4) —Apy =25 — 2,

Meanwhile, a direct computation shows

1
3| Vondtdae [ wisaa=o
2 Jg2 S2

Substitute this into (3.3) to get

1

(3.5) -/ |V(A,\,gu)|2dA+2/ Ay udA =/ (1|Vu|2 +2u> dA
2 Jg2 sz g2 \2

which, in addition to (3.2), implies (3.1).

(3) Denote the dual pairing between H!(S?) and its dual space by {-,-). Then
by the definition of the Gateaux derivative and (3.1), one has

1
(I'(Ax,cu),v) = lim = {I(Axcu + tv) — I(Axsu)}
.1 -
(3.6) = lim ~{I(Ax(u+ tvohy()) — I(Axcu)}
.1 - -
= th_r% ?{I(u +tvo h/\é) —I(u)} = (I'(u),vo h,\,;)

where h;lg is the inverse of h) ..

If u is a solution of (xx), then I’(u) = 0 and [, ¢* = 47. Consequently, by (3.6)
and (3.2), I'(Axcu) =0 and [g, eArs% = 47, which implies A (u is also a solution
of (%*). This completes our proof.

PROPOSITION 3.2. Define

Iae(u) = / (31Vul? + 2u) - 87rln/ Rohy ce*.
S? S2
Then
(3.7) Vv e HY(S?), (J5(Axcu),v) = (J'(u),v0h}}).
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PROOF.
(Jll\’g(A)hgu),v) = /52 V(u o h,\,g)Vv + /,5'2 Vi[b\,g -V

8m A
+2/ v — Rohy e*s¥y.
s2 Jgz Rohy cefrs® Jgo <

A direct computation leads to

V(wohy)Vo= [ V(wohy)V(vohil)ohre= [ VuV(vohyy),
S2 S2 ’ 2 ’
/ ROh,\,geAM“ =/ Re*,
52 52
Rohy efrs¥y = Re“(vohxlg).
s? s? '
By (3.4),
/ wa,g-Vv+2/ v=2/ ed"\va=2/ vohyy.
S2 S2 S2 S2 !
Therefore
(Jac(Axcu),v) = VuV(voh;t.)+2/ vohj;
: 52 : 52 ,
8 u -1
ke Jss Re*(voh; )

= (J'(w),vohy}).
This completes the proof.
PROPOSITION 3.3. For any u € H,, there exist A € (0,1] and ¢ € S? such that
(3.8) P(Ayu) =0.

PROOF. Use the spherical polar coordinate system with pole ¢ introduced at
the beginning of this section, and denote the corresponding orthogonal coordinate
system in R3 by (z1,z1,23),. That is

Ty =rsinf cosp, 1z =rsinfsinp, z3=r cosb.

In this system, let P(Ax u) = (a1(A),a2(A),a3(A));. We first show that for any
fixed ¢ € §2, as A — 0,

(3.9) (a1(}), a2(}), az(A))¢ — (0,0, -1),.

In fact,
ai(/\)=/ zioh;;eu // e, 1=1,2,3.
s? ' s?

It is easily seen that as A — 0
ziohyy —0, inL*S?), i=1,2,
z30 h;é — -1, in L%(S?).

Hence (3.9) is valid.
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Set F(z) = P(Aj—¢,cu) with z = t¢, t € [0,1), ¢ € S2. Then F is a continuous
mapping from B2 = [0,1) x §2 — B3. (3.9) enables us to extend F continuously
to B, the closure of B3, so that on dB® = S?, F(z) = —z. By a well-known result
on topological degree, we have

deg(F, B,0) = deg(—z, B%,0) #0.

So there exist ¢t € [0,1), ¢ € S?, such that F(t¢) = 0. That is, (3.8) holds. This
completes the proof.

PROPOSITION 3.4. Assume {ux} C H., P(ux) — ¢ € S%. Choose A, ¢k, such
that P(Ax, ¢, ux) =0. Then Ay — 0 and ¢x — ¢ as k — oo.

PROOF. (1) Suppose there exists a subsequence {Ag, } of {Ax} such that A\g, —
Ao > 0. Then passing to a subsequence, we have Ay — Ag and ¢x — ¢o, as k — oo
for some ¢y € S2.

Fix an orthogonal coordinate system = = (z;, z2, z3) in R®. Then \g > 0 implies
that, as k — oo,

(3.10) z;0 h;:,gk (z) = z;0 h;()l,(o (z), uniformly for z € 82, i =1,2,3.

Let P(Ax,  ux) = (a¥,ak,ak). Since

T sk = ziohy ! e* and eMrose Uk = ek,
AkSk
S? S?2 ' s2 S?

(3.10) leads to

. -1 Jux
ok = Js2zioh3 €

1 fS’ ek
Applying Lemma 1.1 to the function z; o h;ol,go instead of R(z), we obtain, as
k — 00, af — z;0hy)  ($); that is P(Ax, g uk) — hy, () € S?, obviously a
contradiction with our assumption P(Aj, ¢, ux) = 0. Hence, one must have

+ o(1).

(3.11) Ak — 0, ask — oo.

(2) Suppose there exists a subsequence of {¢} (still denoted by {¢c}) such that
¢k — ¢o # ¢. Choose an orthogonal coordinate system z = (z1,z2,z3) in R3, such
that ¢ = (0,0,1). Then it is easy to see that for 0 < ¢ < r({,¢0), as k — oo,
z30 h:\':, « — L uniformly on $2\S.(¢p). Now by a similar argument as in step
(1), we arrive at a§ — —1, as k — oo, again a contradiction to P(A, ¢, ux) = 0.
This completes the proof.

4. Mass center analysis.
LEMMA 4.1. All solutions of
(%) —Au+2-2"=0, z€S5,
‘are rotationally symmetric with respect to some azxis and hence assume the form

1-a?

[ acos 15 2))? with a € [0,1).

Cacl(z) = ln(
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PROOF. Suppose u is a solution of (). Then e“gy is a metric on S? having
constant Gaussian curvature 1, where gy is the standard metric of S?. By well-
known results in differential geometry, (S2,e%go) is isometric to (S2, go); i.e., there
exists a diffeomorphism ¢: S? — S? such that p*gy = e%go. It follows that ¢
is a conformal transformation of (S?,go). Since all conformal transformations of
(82, go) are explicitly known, we see easily that u has to be rotationally symmetric
with respect to some axis.

Moreover, by a result of Hong (cf. [5, Lemma 3.1]), u must equal @, ((z) with
a€[0,1) and ¢ € S

PROPOSITION 4.2. Suppose {ux} C H., {J(ux)} bounded, J'(ux) — 0 and
P(ux) — ¢ € S?, as k — oco. Then there exists a subsequence {u,} of {ux} and
corresponding {a;}, {¢:}, with a; — 1, ¢; — ¢ as ¢ — oo such that

[V, = a0, asi—co.
32
PROOF. (1) By Proposition 3.3, there exist A, ¢k € S?, such that P(Aj, ¢ uk) =
0. Let vx = Ay, ¢, Uk, Uk = Vk — (1/47T) fsg vg. By Lemma 1.1,
(4.2) J(uk) = I(ug) — 8mIn(R(¢) + o(1))

which implies the boundedness of {I(ux)}. Taking (3.1) into account and by the
obvious fact I(u + C) = I(u) for any u € H(S?) for any constant C, we see that

(4.3) I(0) = I(uk).

Hence {I(7x)} are bounded. And apparently P(9x) = P(vg) = 0. Now, due to
Proposition 1.2 in [6], {9} is bounded in H(S?), so there exists a subsequence of
{ok} (still denoted by {#x}) converging weakly to vy € H'(S2). Obviously

(4.4) /1m=&
82
(2) Applying (3.7), we have

(Taerse (Tk),0) = (I, 6 (0),0) = (I (uk), w0 b3} )

= (J'(ux), wx) Vv € H'(S?)

1
_ -1 -1
Wk =vo h/\k,s'k T ar /;2 vo h')\k,s‘k'
Since [, wx = 0 and [g, [Vwil|® = [, [V(vo b3l )I? = [q.|Vv|? we infer
from (4.5) that

1/2
(46) (U G0)] < "ol ([ 1998

with some constant C independent of u; and v.
By Proposition 3.4, P(ux) — ¢ € S? implies, as k — 00, ¢¢ — ¢ and Ay — 0;
hence

(4.7) Rohy, ¢ — R(s) in L?(S?).
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And it follows that
(Jae.ce (Wk),v) = (I'(vo),v), as k — oo, Vv € H'(S?).
On the other hand, by (4.6)
(Jre.ee (Bk),v) = 0, as k — oo.
Therefore,
(4.8) (I'(vo),v) =0 Yo e H(S?).

By Lemma 4.1, v9(z) = pq,5(z) + C, for some constant C, o and n € S2. The
weak convergence of {7k} to vp and P(9x) = 0 imply P(vg) = 0, and it follow that
o =0 and vy = const. Now, by (4.4), we obtain vy = 0.

(3) Due to (4.8), ||J'(uk)|| — 0 and 95 — 0, we have

sz Ro h/\k,s‘keﬁkﬁk
fS2 Ro h)\kxgkeﬁk ‘
It is not difficult to see from (4.7) that the last term in the above equality vanishes

as k — oo since the boundedness of {J(ux)} and P(ux) — ¢ imply R(¢) > 0 (cf.
[6]). Hence

o) = (. (01).50) = [ V]2 — 8
S

(4.9) / |Vig|2 — 0, ask — oo,
82

which means ¥ — 0 strongly in H!(S?).
(4) By (4.9),
" |V(u ° h/\k,s‘k + w/\'§k)|2 — 0.
It follows that [g, |V (uk + ¥a, ¢, © h;:‘ )]? = 0, due to the conformal invariance
of the integral [q. |Vu|®. Let o = (1 — A})/(1+ A). Then a straightforward
computation shows

Yak.se © h;kl,gk (z) = “Paksk (z).
Obviously a — 1, since Ay — 0. This completes our proof.
PROPOSITION 4.3. Let {ux} C H. and assume {J(uk)} is bounded, J'(ur) —

0, and P(ux) — ¢ € S? as k — oo. Then there is a subsequence {uk,} of {ux} such
that J(uk,) — —8nlndwR(s).

PROOF. By (4.2), (4.3) and (4.9), one can pick a subsequence {ug,} of u;x such
that
J(ug,) = I(ug,) - 87In(R(s) + o(1)) = I(3,) — 8xln(R(s) + o(1)
— I(0) — 87InR(¢) = —8nlndmR(¢).
This completes the proof.

PROPOSITION 4.4. Assume {ux}, {vik} C H..
(1) {J(uk)}, {J(vk)} bounded;

(2) [s2 IV (uk — vk)|*> = 0, as k — oo;

(3) P(uk) » n € S?, P(ug) — ¢ €S2, as k — oo.
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Then n =¢.

PROOF. We argue indirectly. Suppose n # ¢.
By Proposition 4.2, one can pick a subsequence of {vi} (still denoted by {vg})
and corresponding {ax}, {¢x} with ax — 1, ¢¢ — ¢ such that

/ |V(vk = Pag.ce)|* = 0, ask — oo.
S2

From assumption (2)

(4.10) /52 |V (iik — Pag.ee)|> — 0, as k — oo.

Here we again used the notation & = u — (1/47) [g, u
Noting that P(@) = P(u) Yu € H(S?), [q2 |Vaycl? — 00 and I(Pay,q) =
—8nlndr; applying Lemma 2.2 in [5], we obtain, for any z € S%, z # ¢,

(4.11) . Paxe () = —00, ask— oo.
Let € = r(n,¢), Sk = {z € Se(n): uk(z) > 0}, & = max{i,0}; then by (4.10),
LAV = o) 415 = Bors} =0, as k= co.

Now, the boundedness of fSk |V@as.c|? and (4.11) imply the boundedness of
S V@12 + @f?), hence of [g . (IV@f[* + |af|?). Consequently, by Theorem
2.46 in (8], we infer that |, Se(n) ¢’ are bounded. It follows, from P(ug) - neS?

and the proof of Lemma 1.1, that [g, e% are bounded. Assumption (1) implies
Jg2 |Vig|? are bounded; hence there exists a subsequence {i,} of {ix} converging
weakly to some element ug € H!(S?), which leads to P(ix,) — P(uo). However,
it is evidently that P(ug) can never lie on S?. This contradicts n € S2, and the
proof is completed.

LEMMA 4.5. If ) is sufficiently close to 1, then
(4.12) wuy < —8wlndrv.
Here we assume v > 0.
PROOF. Using hg in (R2), set
IA(t) = ©x ho(2)s t€[0,1]. _
Apparently, for A sufficiently close to 1, [y € Ly. We want to show that

max J < —8rwlndnwv.
ix([0,1])

Since J(pa,¢) = —8ln [, g2 Re®> s, it suffices to verify the inequality

(4.13) Re®*s > 4nv V¢ € ho([0, 1]).

S2
Set Ns = {z € ho([0,1]): dist(z, K) < 6}, where K was defined in (Rz) and
dist(-, -) stands for the geodesic distance on standard S2. By (Rz), one can choose
a small § so that

(4.14) AR|N5 > 0.
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(1) ¢ € ho([0,1])\Ns. In this case, there is an € > 0, such that
R(¢) 2 v+e Vg€ ho([0,1])\Ns.

Let A be sufficiently close to 1 so that d(px ) < (¢/2Co)3. (Note that here d(p )
is independent of ¢.) Then by Lemma 1.1, we have

Re>s > (R() — &/2) / ers = 4n(R(¢) — £/2) > dmv.
52 52

(2) ¢ € Ns. Due to the continuity of J and the compactness of N, the closure
of Ns on S2, it suffices to show that for each ¢ € N5 there is a A(¢) such that, as
1> A > A(¢), (4.13) holds. For this aim, again choose a spherical polar coordinate

system z(6,¢), 0 <8 <, 0 < < 2, so that ¢ = (0,4). Then for any € > 0,
2T 27
one 2 [R(z) )]siné / / }
SzRe § —A ){/ / 1—/\0050 dody +
+4mR(¢)
= (1= 22){(D) + (I)} + 47 R(s)
> (1= 2){(D) + (1)} + 4mv.

Thus one need only verify that

(4.15) (I) + (II) > 0 as A sufficiently close to 1.

In fact, for any fixed ¢, integral (II) is bounded for all A < 1. Using the second
order Taylor expansion of R at point ¢, taking into account that ¢,  depends on
0 only, and by a direct calculation, we arrive at

{AR(¢)sin® 0 + o(62)} .
/ (1= Acos6)? sin 6 df.

Let £ be so small that

sin® 0 do
>
AR( ) / /\cose
Then an integration by parts shows
€ sin®0do
_— A— 1.
/0 (1 — Xcosf)? too, as

Therefore (4.15) holds, and the proof is completed.
Let Ag be so close to 1 that both (1.5) and (4.12) hold. We write u = uy, and
L=1L,,.

PROPOSITION 4.6. There exist ag, 6o > 0, such that for any {vx} in H., if
J(vk) Su+bo (k=1,2,...) and P(vg) — ¢ € S%, as k — oo; then

(4.16) R(¢) > v + ao.
PROOF. Estimate (4.12) implies the existence of constants ag, 6o > 0, such that
(4.17) U+ b < —8mlndr(v + ap).-

By (1.2) and (1.4)
J(vg) 2 ~8mIn4r[R(Q(v)) + Co &/(or)]-
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Clearly, as k — oo, both d(vx) — 0 and R(Q(vk)) — R(¢); hence
w+ oo > @J(vk) > —8nlndnR(s),

which, with (4.17), implies R(¢) > v + ap. This completes the proof.

5. Constructing a continuous “flow” in H, to complete the proof of
the Theorem. Let M = R~!(m) = {z € S?: R(z) = m}. Choose £; > 0, so that

(5.1) u > —8mlndmw(m — 7).

Define Uy = {u € H.: R(Q(u)) < m — €1,d(u) < d}. Let yo = infy, J =
—8mlndmm.

LEMMA 5.1 (A result of a continuous “flow”). There exist 6,d > 0 and a
continuous mapping T : H. — H., such that

(a) J(T(w) < J(u), Yu € Hy;

(b) T(J~ (po,  +8)NUg) C J (o, 1t = 8);

(€) Tls-1(uo,mots) =1d, o +6 < p —6;

(d) T(H.\Ug) C H\Uy,
where J~!(a, B) stands for {u € H.: a < J(u) < B}.

PROOF. Analogous to the proof of Proposition 4.6 and by the definition of Uy,
it is easy to show that there are constants dj, 6;,e2 > 0, such that if § < 61, d < dy,

(5.2) Vue€ J MNpo,n+6)NUs,  Q(u) ER v +ez,m—eil.
By (R3), there is a constant a; > 0, such that
(5.3) IVR(z)| > a1, V€ R 'v+e2/2,m—e1/2).

(1) Let u € H, such that Q(u) € R™[v + €2/2,m — €;/2]. Let z(u) be the
straight line passing through 0 which is perpendicular to the plane spanned by the
vectors @Q(u) and VR(Q(u)). Define T'(8,u) to be the rotation in R® which takes
z(u) as its axis and which rotates along the direction VR(Q(u)) by angle 6.

Let u be fixed for a moment, and write zo = Q(u), Ty = T(0,u). Consider

(o) = (/32 e“)_1 ( . R(z)e*(T5 '®) — . R(z)e“(’”)>

where T ! is the inverse of Ty. Noting that Ty is an orthogonal transformation in
R3, we arrive immediately at

1(6) = ( /S 2 )_ : [S [R(Tz) — R(@))e.

The first order Taylor expansion of R at zg leads to
(5.4) R(Tyzo) — R(z0) > 2|VR(z0)| - |Tozo — 2o,
for @ sufficiently small. Let
© 0(z0) = max{a: as 0 < a, (5.4) is valid},
0o = inf{f(z0): z0 € R v +€2/2,m — €,/2]}.
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Then by the smoothness of R and the compactness of R~!{v +€2/2,m — ¢, /2], we
have fp > 0. (5.4) and the continuity of R imply, as r sufficiently small,

(5.5) R(Ty,z) — R(z) > §|VR(z0)||Toyz0 — 20| Vz € Sy(0).
Let r(zp) = max{s: as r < s, (5.5) holds}. Define
ro = inf{r(z0): 70 € R [v + &2/2,m — £,/2]}.

Then similarly, one has rg > 0.

From the proof of Lemma 1.1, we see that there exists d > 0 such that if
d(u) < da, then
——fs'o(%)eu > 1 and max |VR|fsz\sr°(Io)eu <

) Jg2 € - 16
Apparently, ds is independent of zg.

Now, by (5.3), (5.5) and (5.6), noting that for any 0,z, |Tyzo — zo| > |Tor — z|,
we obtain, for all 6 < 6,

£(6) = (/S e")_l {/Sro(xo‘[R(ng) — R(z)]e" +/SZ\s,o(xo)(' ..)}

fsro (IO) 6“

(5.6)

1
> —|VR(zo)| - |Tozo — o
(5.7) 4 -] | Js2 €*
J: |Toz — ze*
—ma.x|VR| SZ\S,.O(:I:())
s? Jsz €*

> T—élToZo — zg| = ag|Tyzo — zo|-
(2) Choose 62,d3 > 0 so small that
m-e=%/8" _ Cods’® > m —e,/2

where Cy was defined in Lemma 1.1. Then by the inequality

J(u) > —87Indr[R(Q(u)) + Co ¥/d(w)]
derived from (1.2) and (1.4), it is easy to verlfy that for all u € H.
(5.8) if J(u) < po + 62 and d(u) < d3, then R(Q(u)) > m —¢e;/2.
Let

G= {z € B%: Ii—l ER Mv+er/2,m—¢e1/2),1—|z| < min{dg,dg}},

1
G = {zeG: % ER Yv+e,m—g],1—-]z|< §min{d2,d3}}.

Choose a C* function g on B°, satisfying 0 < g(z) < 1,Vz € B g=1,z€
G 9g=0,z€ §3\G. Define
Tiu(z) = w(T~ (tan(P(u)), u)z), t €10, 6]

Note that P(u), Q(u) depend continuously on u (in the H'(S?) topology) and R
is smooth. We see that T—!(#,u) depends continuously on u, while the continuity
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of T~1(6,u) with respect to 8 is obvious. Therefore T is a continuous map from
[0,80] x H'(S?) to H'(S?), and thus defines a continuous “flow” in H'(S?) which
is nonincreasing with respect to the functional J, that is

(5.9) J(Tiw) < J(u) Yue€ H,,te|0,6).
In case P(u) ¢ G, the above inequality holds obviously, since g(P(u)) = 0,
Tiu = u. And in case P(u) € G, by (5.7)
R(z)eT > R(z)e“ Vvt € [0, 00].
SZ
Moreover, since T~1(6,u) is an orthogonal transformation we have

/|V7}u|2+2/ Ttu——/ |Vu|2+2/ u,
S§2 S2

for any t € [0, 0], u € H*(S?). Therefore (5.9) also holds.
If P(u) € G’, by the definition of g

Tou(z) = w(T~1(t, u)z).
Write J as

J(u) =I(u) — f;;l‘ie

It is easily see that [, e™" = [, e*; hence I(T;u) = I(u). By (5.7)

Jg2 R(z)eToo™ _ Js2 R(z)e"

2 a3|T (00, u)Q(u) - Q(u)| 2 a3 > 0.

sz eToou fSZ ey
Consequently, there exists 63 > 0 such that
(5.10) J(Toou) < J(u) — 83, forallu € H,, P(u) €G'.

(3) Now define T (u) = Ty, u. Let
) <min{61,62,63/2}, d<min{d1,d2/2,d3/2}.

Then equation (5.9) implies (a). (5.10) implies (b), since by (5.2), for any u
€ J Y uo,u+6)NUy, P(u) € G'. (5.8) and the definition of G and of g imply (c).
Finally, noting that d(T;u) = d(u), R(Q(Tiuv)) > R(Q(u)) and by the definition of
U4, we see that the conclusion (d) of the lemma is true. This completes the proof.

PROOF OF THE THEOREM. For simplicity, we write Uy in Lemma 5.1 by U,
and [([0,1]) by [, for l € L.

Choose Iy € L, k =1,2,..., such that max;, J(u) < u+ 6 and max;, J — pu, as
k — oo. By (a) and (c) in Lemma 5.1,

(5.11) Tk) = lkeL and maxJ — pu.

L
And by (b) and (d)
(5.12) - Jljy <B-—6

Now choose uy € li, so that J(ux) = max;, J — p. It can be shown that (cf. e.g.

[7], the proof for Mountain Pass Lemma by using Ekeland’s variational prlnclple)
there exist {vg} C H., such that

(5.13) lue — vkllgr =0, J(vk) = p and J'(vk) — 0.
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By (5.12), ux € H,\U. Thus there are only two possibilities:
(1) d(uk) > €o for some gy > 0, or
(2) P(uk) — ¢ € S?, with R(¢) > m —¢;.

In case (1), by (5.13), {P(vk)} is bounded away from the sphere S2. Then by
Proposition 2.1 and (5.13), {@x = vx — (1/4n) [5, v} converges strongly in H, to
some vy, that J'(vg) = 0 and J(vg) = . Hence u is a critical value of J.

In case (2), by Proposition 4.4, P(vx) — ¢; then due to Proposition 4.3,

J(vk) — —87lndmR(¢),

that is,
u = —87lndmR(¢).

By (5.1), —87In4wR(¢) < —87lndm(m — €;) < u, a contradiction. Therefore, u is a
critical value of J. This completes the proof of our Theorem.

The author would like to thank Professor J. L. Kazdan for discussions and sug-
gestions on this paper.
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